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Abstract

This paper further advances the design of an optimal Financial Stability Fund (Fund) of
Ábrahám et al. (2019) by not having the Fund absorbing all the sovereign debt of a country. The Fund’s long-term contracts are subject to two-sided limited enforcement constraints:
at any point in time the borrowing country may breach the contract and exit, while the Fund
cannot have expected losses. The country’s constraint therefore represents a sovereignty constraint, whereas the lenders’ constraint can be interpreted as a debt sustainability analysis
(DSA). The country can borrow one-period defaultable bonds on the private international market, while having a state-contingent contract with the Fund, which provides insurance and,
possibly, credit. The Fund contract has no seniority with respect to the privately held sovereign
debt and, therefore, takes this external debt into account. In equilibrium, the Fund contract
prevents the country from defaulting on its entire debt position. As a result, the debt in the
private international market becomes risk free, although it is constrained when the Fund’s limited enforcement constraint binds. The share of debt held by the Fund might be indeterminate;
nevertheless, there is one contract that minimizes the debt absorbed by the Fund. Our model
provides a theoretical and quantitative framework to address sovereign debt-overhang problems,
in the Euro Area and elsewhere, transforming risky sovereign debts into ‘safe assets’.
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Introduction

The global financial crisis of 2007 and 2008, followed by the European sovereign debt crisis of
2010, had a tremendous impact on countries’ sovereign indebtedness. This led to precarious debt
management, restricted access to safe assets and, most importantly, the possibility of default. Those
issues remain largely unresolved as we speak and, therefore, raise the following question. How can
we stabilize the sovereign debt of a country?
To address this matter, we extend the work of Ábrahám et al. (2019) who design a Financial
Stability Fund (Fund) in the form of a long-term contingent contract subject to limited enforcements
and moral hazard. The main difference is that, compared to the aforementioned study, the Fund
does not take over the entire debt position of the contracting countries.1 More precisely, sovereign
countries can raise debt in the private international market or into the Fund.2 While private
international lenders solely offer credit (i.e. one-period bonds), the Fund proposes both insurance
(i.e. Arrow securities) and credit. Neither the Fund nor the private lenders have any kind of
exclusivity rights when one of the contracting countries decides to default. In other words, when
a country defaults, it does so on its entire debt position. The Fund’s objective is to stabilize
the countries’ indebtedness. Most importantly, it ought to prevent debt repudiations. In view
of this, it is ready to provide substantial resources to stabilize the sovereign debt’s spread and
resolve the scarcity of safe assets, therefore averting potential defaults. However, countries cannot
obtain assistance of the Fund ad libitum. The Fund’s intervention is conditional on a strict debt
sustainability analysis (DSA), which we identify in our framework as an evaluation of the present
value of the country’s future surpluses (net savings) from any contingency onwards. In any period
and history, the country has to pass this DSA if it wants to continue to receive transfers from the
Fund.
The Fund is shaped by two-sided limited enforcement constraints. On the one hand, the government is sovereign and, therefore, can default at will. On the other hand, the Fund has a free
access to the international financial market and can withdraw whenever additional lending entails expected losses (i.e. when the liabilities of the country become, with positive probability,
unsustainable). The Fund’s contract accounts for this through the integration of participation
constraints. The country’s participation constraint guarantees that in any periods and histories
the country never receives less than what it can get in autarky. It can therefore be interpreted
as a sovereignty constraint. The country falls into autarky when it defaults. In this case, it is
excluded from the private international market and the Fund and receives a penalty in the form of
reduced labor productivity. Furthermore, while the country can regain access to the international
market with some probability, it cannot obtain assistance from the Fund anymore. The lenders’
participation constraint is the aforementioned DSA. It guarantees that lenders do not run expected
losses. Specifically, it states that the net present value of the lenders’ surplus should at least cover
1

Moreover, in this version, we do not account for moral hazard and exclusively use one-period debt.
The adjective “private” is used to distinguish lenders on the international market relative to the Fund. It is not
used to differentiate private from public matters.
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the country’s liabilities in the private international market. Shall it not be the case, lenders would
risk to permanently loose some money if they lend more to the country.
The interaction between the private international lenders and the Fund is the following. The
private international bond market is competitive. In other words, private lenders take the market
price as given and make zero expected profit in equilibrium. Once the Fund contract is specified
and accepted by the contracting parties, the Fund perceives the working of the private bond market
as standalone, and will not contemplate any direct impact of its own operations upon the choices
made in the private bond market, except for the fact that the Fund contract will affect the future
state of the country and hence the equilibrium outcomes in the market. As already mentioned, the
Fund can offer inter alia one-period debt alongside the private international lenders. The share
of debt held in the Fund might therefore not always be determined. That is why we focus on the
contract that minimizes the Fund’s intervention. We call it the effective intervention. In any case,
as the Fund has no seniority over the privately traded debt, it must take into account the country’s
entire debt position. Only by doing so can it successfully stabilize the country’s indebtedness.
The Fund contract involves DSA not only at the outset, to determine the terms of the contract,
but all along the evolution of the contract. When the lenders’ constraint is binding, the country is
at the verge of failing its DSA. In this situation, the Fund expects no accumulation of private debt
as the country’s total indebtedness might become unsustainable otherwise.3 It will therefore offer
financial support to the country to ensure a certain level of consumption. However, it provides just
enough resources for the country to pass its DSA, making sure that the Fund bears no expected
loss and the present value of the country’s future surpluses covers its private debt position. Furthermore, if the country decides to accumulate some additional amount of private debt, the Fund
will withdraw. Given that, the private lenders fulfil the Fund’s expectation and do not lend to
the country as they fear that the country would default after the Fund’s withdrawal. A negative
spread arises in the security market since the Fund is restricting the provision of its insurance to
the country, and concurrently it also appears to sustain the no-trade equilibrium in the private
bond market.
As a result, when the lenders’ constraint is binding, the country is unable to borrow from the
private bond market as if it were defaulting. This result is however not a decision of the country
but of the lenders. We therefore do not have a positive spread — as it would be the case if the
country would like to default — but a negative spread that appears on the market. When the
lenders’ constraint is binding, the country would like to borrow more today with the promise that
it would pay back in the future. However, this promise is not credible as there is a chance that the
country’s debt becomes unsustainable tomorrow.
As already mentioned our analysis is an extension of Ábrahám et al. (2019). The main difference
is that we do not consider an exclusivity contract between the Fund and the contracting countries.
We explicitly model the presence of private international lenders and that for two reasons. First,
we know that if the entire position of the country is taken over by the Fund, then the debt becomes
3
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risk free. We also know that for some small but strictly positive debt level, any amount of debt
less than this level is free from default risk. Such a debt level corresponds to the smallest default
threshold in the pure incomplete market economy with default risk (Zhang, 1997). Now, for any
given total debt position, as long as the Fund absorbs enough debt, the residual debt position in
the private market becomes safe as well. By a continuity argument, there should always exist an
effective intervention level that is less than 100% of the total debt position. However, to make this
intuition precise, we need to specify the whole setup taking into account the coexistence of the
private bond and the debt with the Fund. Second, assuming that the Fund absorbs part of the
countries’ debt brings us closer to the existing lending institutions. As a matter of fact, when the
ESM or the IMF intervene, they take over only part of the country’s sovereign debt, the remainder
being left on the market. Having said that our Fund is not a one-to-one replication of existing
lending facilities. Notably, we assume no seniority while the ESM and the IMF usually require
seniority in their lending programs.4 Moreover, our DSA has to hold in every period and history,
while it is conducted at the outset of the contract in most cases.
Our quantitative exercise follows the calibration of Ábrahám et al. (2019). More precisely, it
relies on the period 1980 to 2015 for the Euro Area countries that were the most affected by the
European sovereign debt crisis (i.e. Greece, Ireland, Italy, Portugal and Spain). In a later stage,
however, one could focus on one of the aforementioned countries. Italy provides an interesting
instance to study. Indeed, it has never required the help of the ESM but faces a public indebtedness
above 100% of GDP and one of the largest spreads in the Euro Area. The specificity of Italy and its
debt management has already been studied by Alesina et al. (1990) and, more recently, by Bocola
and Dovis (2019).
The main results of our inquiry are twofold. First, on equilibrium path, the contracting country
never defaults. Hence, its entire debt position becomes safe. This is due to the state-contigent
transfers provided by the Fund. More precisely, the Fund offers a countercyclical policy meaning
that drops in productivity are counteracted by increases in transfers to the country. The mechanism
at work relies on the complementarity between bonds and Arrow securities. The country goes long
in Arrow securities for relatively low productivity states and short for relatively high productivity
states. Hence, if the country ends up in a low productivity state, the realized Arrow security will
compensate for both the low productivity and the outstanding amount of debt, guaranteeing a
certain level of consumption. Conversely, if the country ends up in a high productivity state, it
will get more indebted as it went short on Arrow securities. However, the country’s productivity
and prospective borrowing are sufficiently large to enable the country to repay its outstanding debt
without major impacts on its consumption. Thus, this policy not only prevents default, it also
enables greater consumption smoothing and debt accumulation.
Second, without intervening on the private market, the Fund restraints the total indebtedness.
On the one hand, it prevents the country to accumulate today some level of debt it would like
to repudiate tomorrow. On the other hand, it prevents the accumulation of debt lenders cannot
4

It is the standard policy of the IMF, as well as of the ESM, with the exception of the ESM programme with
Spain, to support the restructuring of its banking system.

4

credibly sustain. This second point brings us back to the DSA, which has to hold in every period
and history. The Fund contract is therefore shaped by this DSA and, in view of this, the country
cannot freely accumulate debt. When the lenders’ constraint is binding, a negative spread appears.
The country is then unable to borrow on the private bonds market. The result is similar to a
default with two main differences. First, in the standard incomplete market economy, default is
accompanied with positive spreads. However, with the Fund’s intervention, the country is hedged
in all circumstances. Thus the default set remains empty and no risk premium is attached on the
bond price. Second, the default is a decision made by the borrower (i.e. in our case the country).
In our environment, it is the lenders that decide to stop their lending activities. To sum up, we
account, and prevent, the possibility of default triggered by the borrower, but we also account for
the possibility that the lender withdraws before incurring any expected loss. The literature on
sovereign debt has focused in the former, we emphasize the importance of the latter.
The paper is organized as follows. We review the existing literature in Section 2. We lay
down the economic environment in Section 3. Subsequently, we present the Planner’s problem in
Sections 4. In Section 5, we show how the Planner’s problem can be decentralized as a competitive
equilibrium with endogenous borrowing constraint. There we also discuss the equilibrium and the
steady state properties of the model. Thereafter, we calibrate our model to stressed Euro Area
countries in Section 6 and present the underlying results in Section 7. Finally, we conclude in
Section 8.

2

Literature Review

This paper addresses four main strands of the literature. First, we contribute to the literature
on financial stability and sovereign debt. Since the outbreak of the European debt crisis, many
proposals have been developed to find alternatives to the existing debt overhang of European
countries. One of them is the issuance of joint-liability eurobonds. The main idea is to generate
a European safe asset to complement national government bonds. This additional source of safe
assets should ease the debt management of member states as well as reduce the banks’ balance
sheet exposures towards national bonds (Giudice et al., 2019). However, such a scheme requires
countries to be subject to symmetric shocks (Tirole, 2015). Besides the issuance of eurobonds,
some studies propose the creation of a supranational institution. Furceri and Zdzienicka (2013)
discuss the necessity of a fiscal risk sharing mechanism in the Euro Area. Beetsma et al. (2018)
propose a clearing-house system of transfers to smooth out sector-specific shocks. Finally, Ábrahám
et al. (2019) develop a Financial Stability Fund in the form of a long-term risk-sharing mechanism
which is constrained-efficient. In a set of quantitative exercises, they show that such an institution
would not only improve risk sharing among members, it would also ensure counter-cyclical fiscal
policies. We contribute to this literature by further developing the structure of the aforementioned
Fund. Most notably, we derive the optimal tripartite interaction between the Fund, the private
international lenders and the contracting countries.
The second strand of literature one addresses is related to safe assets. On the one hand, empir5

ical studies try to identify what characteristics are required to make an asset safe (Krishnamurthy
and Vissing-Jorgensen, 2012; He et al., 2016; Habib et al., 2020). Among other criteria, a key determinant is more often than not the strength of public institutions. On the other hand, theoretical
analyses seek to determine the implications of safe assets shortage. For example, Caballero et al.
(2016) show that safe asset scarcity pushes economies into safety-trap recessions. Our contribution
is to demonstrate that the intervention of a Financial Stability Fund enhances the supply of safe
assets. It therefore eases the countries’ debt management preventing debt repudiations and their
underlying recessionary consequences.
The third strand of literature we address is the one on optimal contracts. Our Fund is shaped
by two-sided limited enforcement constraints and therefore relates to the seminal contributions of
Kehoe and Levine (1993, 2001), Kocherlakota (1996) and Kehoe and Perri (2002) who were one
of the first to analyze the dynamic of infinite-horizon general equilibrium models with limited enforcement constraints. Methodologically, our model relies on the Lagrangian approach developed
by Marcet and Marimon (2019) which determines the relative Pareto weight as part of the state
space. This weight is a sufficient statistics to keep track of the binding constraints as it represents
the original Planner’s weight plus the sum of all multipliers attached to the enforcement constraints.
The Planner’s problem is subsequently decentralized using the approach of Alvarez and Jermann
(2000). Our analysis is close to Thomas and Worrall (1994) who study international lending contracts. The authors focus on the country’s sovereignty constraint presenting the tradeoff between
short-term gains of reneging the contract and long-term benefits of staying in the contract. Our
contribution to this literature is to integrate the endogenous choice on private debt and to quantitatively assess its impact. Most notably, we extensively analyze the meaning and the consequences
of the lenders’ limited enforcement constraint.
The last contribution of this paper regards theoretical models of debt default. This literature
starts with the seminal contribution of Eaton and Gersovitz (1981) and has then been subsequently
extended by notably Aguiar and Gopinath (2006) and Arellano (2008). Most of this literature is
now directed to explain the dynamic of emerging economies such as Argentina. More precisely,
it seeks to mimic the observed pattern of interest rate spreads, debt, default rate and output in
emerging markets. One of the difficulty is that calibrated models often underpredict the default
rate of the sample countries (Arellano and Ramanarayanan, 2012). In view of this, our approach
to this literature goes in the opposite direction. We seek the optimal design of a Fund to avoid any
kind of debt repudiations. Our elaboration mostly relates to the work of Hatchondo et al. (2017),
who consider the case of adding a non-defaultable bond into the otherwise standard defaultable
bond economy. They find in a set of quantitative exercises that there are welfare gains by swapping
defaultable bonds into non-defaultable bonds.

3

Environment

Following Ábrahám et al. (2019), we consider an infinite-horizon small open economy where the
benevolent government acts as a representative agent. Its preferences are represented by the utility
6

function of the form U (c, n) := u(c) + h(1 − n) where n is the labor, 1 − n the leisure and c
the consumption. The utility function is differentiable and strictly concave with respect to both
consumption and leisure. The government discounts the future at the rate β < 1/(1 + r), where r
is the risk-free world interest rate.
The country has access to a labor technology y = θf (n) subject to decreasing returns to scale,
where f 0 (n) > 0, f 00 (n) < 0. Moreover, θ is a productivity shock assumed to be Markovian with
θ ∈ (θ1 , ..., θN ) and θi < θi+1 . It represents the only source of uncertainty in the economy.
The country has two funding opportunities. First, it can borrow one-period defaultable bonds
on the international market.5 Second, it can sign a state-contingent contract with the stability
Fund. The Fund has also access to the international debt market and offers to the country a
state-contigent contact with the following characteristics:
1. There is a strict risk-assessment of the borrower and, provided that the existing level of
defaultable debt is sustainable if there is a Fund contract, then no other ex-ante conditionality
is needed.
2. The Fund contract is a self-enforcing long-term commitment made at some initial date t = 0,
between the Fund and the borrower.
3. There is two-sided limited enforcement since the contract accounts for the limited commitment
on both contracting parties. On the one hand, the government is sovereign and, therefore, can
default at will. On the other hand, the Fund has a free access to the international financial
market and can withdraw whenever additional lending entails expected losses (i.e. when the
liabilities of the country become, with positive probability, unsustainable).
4. The private bond market is competitive. The Fund accounts for the bond holdings of the
country but takes its sovereign debt decisions as given. Only when its limited enforcement
constraint is binding, it may restrict the country from issuing new debt.6
5. The country’s liabilities (debts) with the Fund have no seniority with respect to the sovereign
debt in the hands of other agents. This implies that whenever the country defaults, it does
so on its entire debt position.
Note that those characteristics are interrelated. An alternative would be that the Fund only
accounts for the liabilities of the country with the Fund and to assume that these liabilities are
senior to the country’s sovereign defaultable debt in the private bond market. However, this would
require a strong no bailout commitment by the Fund: “in the case the country defaults on its
sovereign debt (i.e. there is a debt crisis) the Fund does not intervene”. We do not analyse this
alternative here, since it does not seem very realistic.7
5

In a later stage we will extend the analysis using long term bonds following the approach of Hatchondo and
Martinez (2009) or Chatterjee and Eyigungor (2012).
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We will also consider the alternative of not placing a restriction but simply announcing the probability of outright
default, given that the private lenders will not lend in some future states.
7
We plan to explore it, and compare it with our benchmark alternative, in future versions.
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The Fund contract

In Ábrahám et al. (2019), the Fund has an exclusive contract with the borrowing country, in the
sense that it absorbs the total amount of its sovereign debt – which, as it is common in the debt
literature, also accounts for the private-sector debt of the country. In contrast, we assume that
the Fund takes over only part of the debt. In other words, the contracting country has access to
simultaneously the Fund and the private bond market, as long as it does not default.
We first consider the Fund contract as a solution to a Planner’s problem with two types of
agents: the risk-neutral lenders, whose discount rate is the risk-free rate in the bond market, and
the risk-averse and more impatient sovereign country. Particularly, the Planner accounts for both
the private international lenders and the Fund. It takes as given the country’s borrowing and
lending in the bond market, as well as the possibility that it can default on its private bonds and
from the Fund. Similarly, it takes into account that the Fund having access to, and commitment
with, the bond market can borrow and lend at the risk-free rate (i.e. will not lend to the country
if the country’s liabilities are not sustainable) and, being competitive, makes expected zero profits
with the Fund contract. Now we explicitly define the Planner problem.8 In the next section
we decentralise the Fund contract and characterise the recursive competitive equilibrium of the
economy.

4.1

The Sequential Form

The contracting problem between the country and the Fund takes into account the existence
of a sequence of private bond positions {b(st )}∞
t=0 , together with the underlying price sequence
t
f
t+1
t+1
∞
{q(s , τ (s ), b(s ))}t=0 in the private bond market. Note that we let the bond price depend
on the Fund state-contingent transfers for next period.9 The private bond sequence is determined
by the borrower’s choice in the private bond market. For simplicity, we assume that, in state
st = (s0 , . . . , st ) = (st−1 , st ), b(st ) is the amount of one-period bonds. Moreover, the private bond
sequence is assumed to satisfy the transversality condition:
(" n
#
)
Y 


 t
t+j+1
t+j f t+j+1
t+j+1
lim E
q s ,τ s
,b s
b s
s = 0.
n→∞

j=0

Given {b(st )}∞
t=0 , the Fund’s contacting problem in sequential form reads
#
"

∞
∞ 
X
X
1
t
t
t
t
τ (s ) s0
max
E µb,0
β U (c(s ), n(s )) + µ`,0
1+r
{c(st ),n(st )}∞
t=0
t=0
t=0
" ∞
#
X
s.t. E
β j−t U (c(sj ), n(sj )) st ≥ V a (st ),

(1)

(2)

j=t
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In subsequent versions, we will consider the case in which the Fund contract solves a (constrained) Ramsey
problem.
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With an abuse of notation here τ f (st+1 ) denotes the vector {τ f (st+1 )}st+1 |st , while, unless we say it otherwise,
f
t
τ (s ) denotes the st component of the vector {τ f (st )}st |st−1 . In the case of the uncontingent bond, b(st+1 ) is just
the bond amount purchased at st .
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#
j−t
∞ 
X
1
j
t
E
τ (s ) s ≥ Z − b(st ),
1+r
"

(3)

j=t

τ (st ) = θ(st )f (n(st )) − c(st ),

∀st , t ≥ 0,

with µb,0 , µ`,0 , {b(st )}∞
t=0 , given.
The contracting country consumes c(st ) and provides labor n(st ).10 The variable τ (st ) is the
sum of the country’s net savings in the private bond market and in the Fund. In other words,
τ (st ) ≡ τ f (st ) + τ p (st ) for all t and st , where
τ p (st ) = q(st , τ f (st+1 ), b(st+1 ))b(st+1 ) − b(st ),
f

t

t

t

t

p

and

t

τ (s ) = θ(s )f (n(s )) − c(s ) − τ (s ).
As there exists no capital, τ (st ) is also the country’s current account.11 Whenever τ (st ) < 0
the country is a net borrower with respect to the rest of the world. The Fund’s transfer, τ f (st ),
is defined in a tautological way. Only when we come to the decentralization will we be able to
properly define it in terms of asset positions and prices.
Equations (2) and (3) represent the limited enforcement constraints of the borrower and the
lender, respectively. The borrower’s outside option is to default and is given by V a (st ), which only
depends on the current state st . The underlying assumption is that if the country defaults from
the Fund, it also defaults on its sovereign debt liabilities and then is never allowed to return to
the Fund in the future. Alternatively, whenever the country defaults on its sovereign debt in the
international capital market it also defaults from the Fund, since Fund’s liabilities are not senior to
privately held debt. In order to prevent that the Fund provides permanent transfers to a country
– e.g. in order to prevent debt mutualization – we will assume that Z = 0, i.e. that in no state the
Fund contract has expected losses. Then (3) shows the second aspect that makes the Fund contract
different from an uncontingent defaultable debt contract: in states where lenders can nearly sustain
the country’s indebtedness – say, when (3) is binding at st – both lenders provide less resources
to avoid losses that would go beyond the contract’s terms. In other words, the Fund contract
anticipates these states and limits the amount of lending, while with defaultable these states are
anticipated by positive spreads.
One could consider an alternative formulation where Fund liabilities had seniority over privately
held sovereign debt – for example, because the implicit cost of leaving the Fund are higher. We will
consider this case, however it is a case that relies on a strong non bailout commitment from the
Fund: the Fund does not act as a crisis resolution mechanism, when privately held sovereign debt
is at risk of default. Our present formulation is closer to the current rules of public international
lending institutions – such as, the IMF or the ESM. The Fund takes into account all the country’s
debt liabilities – within and outside the Fund – that satisfy the Debt Sustainability Analysis (DSA)
in every possible state. The difference with current practices is that the DSA is usually only
10
11

we do not distinguish between private and public consumption.
That is, as in other models of sovereign debt without capital, c also imbeds the capital investment.
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performed at the beginning of the contract, or a certain time intervals (e.g. Fund contracts are
relatively short term contracts), while in our characterisation of the Fund contract, DSA – i.e. our
(3) – is contingent in all the states that the contract specifies, including those states where limited
enforcement constraints are binding.12
With τ (st ) ≡ τ f (st ) + τ p (st ), the Planner accounts for both the private international lenders
and the Fund. In other words, the Fund contract account for the country’s entire debt position.
While the Fund contract directly specifies τ f (st ) taking as given τ p (st ), effectively the Planner is
taking into account the total surplus τ f (st ) + τ p (st ) when evaluating the participation constraint,
since only in this way it is capable of consistently stabilizing the borrower’s entire debt position. An
equivalent interpretation is that the Fund stands ready to absorb the debt position of the borrower
in the form of private bonds, and effectively there is complete credit (risk) transfer from the private
bond investors to the Fund, up to certain limits implied by the participation constraints both from
the Fund and the borrower.
To have a better idea of the link between the private lender’s and the Fund’s value, observe
that, conditional on st ,
#
" ∞ 
j
X
1
t+j
t
l t
(4)
τ (s ) s
V (s ) := E
1+r
j=0
" ∞ 
#
j 

X
1
=E
τ f (st+j ) + τ p (st+j ) st
1+r
j=0
#
" ∞ 
j 



X


1
τ f (st+j ) + [q st+j , τ f st+j+1 , b st+j+1 b(st+j+1 ) − b(st+j )] st .
=E
1+r
j=0

Using the transversality condition on the bond choice, (4) simplifies into
" ∞ 
#
j
X
1
l t
f t+j
t
V (s ) = E
τ (s ) s − b(st ).
1+r
j=0

Imposing the present value constraint on Fund’s lending {τ f (st )}∞
t=0 as
#
" ∞ 
j
X
1
E
τ f (st+j ) st ≥ Z,
1+r
j=0

then the overall participation constraint of the Fund is given by
" ∞ 
#
j
X
1
V l (st ) = E
τ (st+j ) st ≥ Z − b(st ).
1+r
j=0
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Another difference is that in our framework, the Fund has no seniority over privately owned debt. This is in
general not the case when the ESM or the IMF intervene. Among the European countries which received transfer
programmes from the ESM, only Spain managed to obtain a no-seniority clause.
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Solutions to the Fund’s contacting problem are homogenous of degree one in µ = (µb , µ` ) and the
µ
is given by the initial break-even condition for the Fund
initial relative Pareto weight x0 ≡ µb,0
`,0
#
t
∞ 
X
1
E
τ (st ) s0 = Z − b0 ,
1+r
"

t=0

given the initial debt position in the private international market b0 . As said, we will assume that
Z = 0, which is a (expected) zero profit condition for the Fund; given this, x0 depends on (s0 , b0 )
and ‘the present value of all the expected primary surpluses’ – more precisely, in our formulation,
‘the present value of all the expected current account surpluses’. If without private debt there is
an interior solution to the Fund’s contracting problem, then an optimal solution exists and there
are feasible paths of private debt, starting at b0 , but there is also an upper bound on how large the
initial debt −b0 can be. To sum up, at the outset of the contract the above break-even condition
determines whether the contract is feasible. Once a contract is signed between the country and the
Fund, the country’s indebtedness is properly monitored and the Fund is ready to withdraw if the
terms of the contract are not respected.

4.2

The Recursive Form

Using the approach of Marcet and Marimon (2019), we can state the recursive Fund contract
as follows:
h
i
F V (s, x, b) = SP min max x (1 + νb )U (c, n) − νb V a (s)
(5)
{νb ,νl } {c,n}



+ (1 + νl )τ − νl (Z − b)

1 + νl 
E F V (s0 , x0 , b0 ) s
+
1+r
s.t. τ = θ(s)f (n) − c,
1 + νb
ηx,
x0 =
1 + νl

(6)

where η ≡ β(1 + r) < 1 and νb and νl are the normalized multipliers attached to the country’s and
the lender’s limited enforcement constraints, respectively.13 The private bond policy of the country,
b0 = B(s, τ f , b) is specified below and is taken as given.14 The value function takes the form of
F V (s, x, b) = xV b (s, x, b) + V l (s, x, b), with
h
 i
V b (s, x, b) = U (c, n) + βE V b s0 , x0 , b0 |s , and
h
 i
1
V l (s, x, b) = τ +
E V l s0 , x0 , b0 |s .
1+r

13

The normalization of the Pareto weights is the same as the one in Ábrahám et al. (2019).
In this (Nash) specification of the Fund contract the effect of τ f on B(s, τ f , b) is not taken into account. We
will also consider the (Ramsey) specification where it is taken into account.
14
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We obtain the optimal consumption and leisure policies, c(s, x, b) and n(s, x, b) by taking the firstorder conditions of problem (5)
u0 (c) =

1 + νl 1
1 + νb x

and θ(s)f 0 (n) =

h0 (1 − n)
,
u0 (c)

which results in a transfer policy τ (s, x, b) = τ f (s, x, b) + [q(s, τ f (s0 ), b(s0 ))b(s0 ) − b]. Note that
we implicitly assume that, τ f (s, x, b) is consistent with τ f 0 (s0 ) ≡ {τ f (s0 )}s0 |s , which will be in
equilibrium.

4.3

The Country’s Outside Option

We specify V a (s), which represents the outside option of the contracting country in (2). More
precisely, the outside option is given by the autarky value of the standard incomplete market
model with default (Eaton and Gersovitz, 1981; Aguiar and Gopinath, 2006; Arellano, 2008).
We assume that if the contracting country decides to default, it is excluded from the private
bond market and the Fund. Once it has defaulted, it can reintegrate the private bond market with
probability λ but cannot obtain the assistance of the Fund anymore. The Bellman equation for the
outside option reads
V a (s) = max
n




U (θp (s)f (n), n) + βE (1 − λ)V a (s0 ) + λJnbi (s0 , 0) s ,

(7)

where θp ≤ θ contains the penalty for defaulting. We assume an asymmetric default cost as in
Arellano (2008), that is

θ̄, if θ ≥ θ̄
p
θ =
with θ̄ = ψEθ
θ, if θ < θ̄
V a (s) corresponds to the value under financial autarky and J bi to the value of reintegrating the
private bond market without the Fund. More precisely,
J bi (s, b) = max{Jnbi (s, b), V a (s)}, where


Jnbi (s, b) = max0 U (c, n) + βE J bi (s0 , b0 ) s
c,n,b

s.t.

(8)

c + q p (s, b0 )b0 ≤ θ(s)f (n) + b.

Lenders in the private bond market are competitive financial intermediaries. In expected terms,
they make zero profits. The price schedule is given by
1−δ
, with
1+r
X
π(s0 |s),
δ=

q p (s, b0 ) =

s0 ∈D(b0 )

where π is the Markovian transition probability, δ is the probability of default and D(b0 ) = {s0 :
Jnbi (s0 , b0 ) < V a (s0 )} is the default set. Hence, there is a default premium embedded in the private
bond price.
12

5

Decentralization of the Fund Contract

We decentralize the Fund contract to obtain the price schedule and asset positions related to the
Fund contract. The decentralization presents many features that are absent in the original model.
The main difference is that Ábrahám et al. (2019) design an exclusivity contract between the country
and the Fund. In opposition, we explicitly model the joint existence of private international lenders
and the Fund. This cohabitation offers a more general exposition of the problem and introduces a
richer dynamic in equilibrium. The decentralization is based on the works of Alvarez and Jermann
(2000) and Krueger et al. (2008).

5.1

The Decentralized Problem

The aim of the decentralisation is to obtain the current and future asset positions (a and a0 ,
respectively) and the underlying asset price, q f , that corresponds to the Fund’s transfer. Formally,
one seeks the following relationship
τ f (s, x, b) =

X

q f (s0 , ω 0 |s)a0 (s0 ) − a,

s0 |s

where ω = a+b is the state variable recording the entire debt position. We need to account for both
a and b jointly because of the assumption of no seniority. The Fund’s transfer is decentralized as
a competitive equilibrium with endogenous borrowing constraints following Alvarez and Jermann
(2000).15
At the start of a period, the country holds a portfolio a of one-period securities with respect
to the Fund and a portfolio b with respect to the private bond market. It can trade in S state
contingent securities a0 (s0 ) with a unit price of q f (s0 , ω 0 |s). Alternatively, it can also trade private
bond b0 with a unit price of q p (s, ω 0 ). The budget constraint therefore reads
c+

X

q f (s0 , ω 0 |s)a0 (s0 ) + q p (s, ω 0 )b0 ≤ θ(s)f (n) + a + b.

s0 |s

Thus, the country faces two funding opportunities. On the one hand, it can borrow from the Fund.
On the other hand, it can borrow from the private bond market. The price of private debt depends
on the entire debt position ω 0 and not only on b0 . This is due to the fact that the country decides
to default on its entire debt position. Hence, the risk premium on the private bond’s price has
to account for the country’s entire debt position. The same holds true for price of Fund-provided
assets.
The state contingent portfolio a0 (s0 ) can be decomposed into a common bond ā0 that is indepenP
dent of the next period state, traded at the implicit bond price q f (s, ω 0 ) ≡ s0 |s q f (s0 , ω 0 |s), and
an insurance portfolio of S assets (Arrow securities) â0 (s0 ). Thus we have that a0 (s0 ) = ā0 + â(s0 ),

15

Other decentralizations are possible. For example, Dovis (2019) obtains state-contingent contracts by means of
an active debt structure management and partial defaults.
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P
 f
P
f 0
0
0 0
0
f 0
0
0 0
ā0 =
s0 |s q (s , ω |s)a (s ) /q (s, ω ) and
s0 |s q (s , ω |s)â (s ) = 0. The budget constraint can
then be rewritten as
X
q f (s0 , ω 0 |s)â0 (s0 ) + q p (s, ω 0 )b0 ≤ θ(s)f (n) + a + b.
c + q f (s, ω 0 )ā0 +
s0 |s

The dynamic programming problem of the country (i.e. the borrower) with the aforedefined financial assets is
W b (s, ω) =

max



U (c, n) + βE W b (s0 , ω 0 ) s

{c,n,b0 ,{a0 (s0 )}s0 ∈S }

s.t. c +

X

(9)

q f (s0 , ω 0 |s)a0 (s0 ) + q p (s, ω 0 )b0 ≤ θ(s)f (n) + ω

s0 |s

ω 0 (s0 ) = a0 (s0 ) + b0 ≥ Ab (s0 ),

(10)

where Ab (s0 ) is the endogenous borrowing limit of the country which is defined as
W b (s0 , Ab (s0 )) = V a (s0 ),

(11)

and is not too tight in the sense of Alvarez and Jermann (2000). The contracting country faces
two financing opportunities implying two different lenders. On the one hand, there are competitive
international private lenders. On the other hand, there is the Fund whose problem is given by
W f (s, ω) =

max
0

1  f 0 0 
E W (s , ω ) s
1+r
X
s.t. cf +
q f (s0 , ω 0 |s)a0l (s0 ) = al ,

{cf ,{al (s0 )}s0 ∈S }

cf +

(12)

s0 |s

a0l (s0 ) + b0l ≥ Al (s0 , b0l ),

(13)

where bl is the amount of assets provided by the private lenders and al the amount of assets provided
by the Fund. Unlike the borrower, Al (s0 , bl ) should not be interpreted as an endogenous borrowing
limit. In fact, as we will see, it represents an endogenous net present value (NPV) limit. The
problem of the private competitive lenders is given by
W P (s, ω) = max0 cp +
{cp ,bl }

1  p 0 0 
E W (s , ω ) s
1+r

(14)

s.t. cp + q p (s, ω 0 )b0l = bl ,
a0l (s0 ) + b0l ≥ Al (s0 , b0l ).

(15)

Similar to the borrower, the borrowing limit of the lenders is defined by
W f (s0 , Al (s0 , b0l )) + W p (s0 , Al (s0 , b0l )) = Z + b0l .

(16)

Note that one can define the value of the private lenders and the Fund jointly as W l := W f + W p .
It then follows that
W l (s0 , Al (s0 , b0l )) = Z + b0l .
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For the same reasons highlighted in section 4, the lenders’ constraint accounts for the country’s
entire debt position. As the Fund-provided assets have no seniority, the Fund has to consider the
total indebtedness of the country to gauge its sustainability.
The initial asset holdings of the country in the Fund, a(s0 ) = −al (s0 ) = 0, and in the private
bond market, b0 = −bl,0 ≤ 0, are given.
The two endogenous limits restrict the amount of debt the country can accumulate. On the
one hand, Ab (s0 ) prevents the country to accumulate today some amount of debt it would like to
repudiate tomorrow. Hence, it prevents the country to default on the equilibrium path. On the
other hand, Al (s0 , b0l ) guarantees that the Fund can credibly sustain the country’s indebtedness.
Specifically, when Z = 0, it ensures that the total level of the country’s liabilities can be absorbed
by the Fund without incurring permanent losses.
The combination of the first-order conditions of the country’s problem with respect to c and
0
a (s0 ) gives the country’s Euler equation for the Fund’s bonds
q f (s0 , ω 0 |s)u0 (c) − γb (s0 ) = βπ(s0 |s)u0 (c0 ),

(17)

where γb is the multipliers attached to the country’s endogenous borrowing limit. Conversely, the
first-order conditions with respect to c and b0 gives the country’s Euler equation for the private
bonds
X
X
q p (s, ω 0 )u0 (c) −
γb (s0 ) = β
π(s0 |s)u0 (c0 ).
(18)
s0 |s

s0 |s

Similarly, the first-order conditions of the decentralized Fund’s problem with respect to c and a0l (s0 )
gives the Fund’s Euler equation
q f (s0 , ω 0 |s) − γl (s0 ) =

1
π(s0 |s),
1+r

(19)

where γl is the multipliers attached to the lenders’ endogenous NPV limit. Finally, the first-order
conditions of the private lenders’ problem with respect to c and b0l gives the private lenders’ Euler
equation
X
1
q p (s, ω 0 ) −
γl (s0 ) =
.
(20)
1+r
0
s |s

From (17) and (18), we already see that to avoid asset-return dominance, we will have that
P
f 0
0
p
0
0
s0 |s q (s , ω |s) = q (s, ω ) for all (s, ω, ω ). Otherwise, one of the two assets will not be traded.

5.2

Recursive Competitive Equilibrium and Steady State

Definition 5.1 (Decentralized Recursive Competitive Equilibrium). A recursive competitive equilibrium (RCE) is a sequence of prices q f (s0 , ω 0 |s) and q p (s, ω 0 ), value functions for the country,
W b (s, ω), the Fund, W f (s, ω), and the private lenders, W p (s, ω), borrowing limits, Ab (s0 ), for
the country, NPV limits, Al (s0 , b0l ), for both lenders, as well as policy functions for (i) consumption, c(s, ω), cf (s, ω) and cp (s, ω), (ii) labor, n(s, ω), (iii) asset holdings in the Fund, A(s, ω) and
Al (s, ω), and (iv) asset holdings in the private bond market, B(s, ω) and Bl (s, ω), such that
15

1. Given the value functions for the outside value options of the country, V a (s0 ), and of the
lenders, Z − b, as well as asset prices q f (s0 , ω 0 |s) and q p (s, ω 0 ),
(a) the policy functions c(s, ω), n(s, ω), B(s, ω) and A(s, ω), together with the value function
W b (s, ω), solve the country’s problem (9) with the endogenous borrowing limits, Ab (s0 ),
(b) the policy functions cf (s, ω) and Al (s, ω), together with the value function W f (s, ω),
solve the Fund’s problem (12) with the endogenous NPV limit, Al (s0 , b0l ), and
(c) the policy functions cp (s, ω) and Bl (s, ω), together with the value function W p (s, ω),
solve the private lenders’ problem (14) with the endogenous NPV limit, Al (s0 , b0l ).
2. The Fund-provided asset market clears, a0 (s0 ) + a0l (s0 ) = 0.
3. The private asset market clears, b0 + b0l = 0.
4. The product and labour markets clear, c(s, ω) + cf (s, ω) + cp (s, ω) = θ(s)f (n(s, ω)).
Definition 5.2 (High Implied Interest Rates). An allocation has high implied interest rates if
E0

∞
X

q f st , ω(st )|s0




c st , ω(st ) + cl st , ω(st ) < ∞,

t=0

for all t and st .
This conditions ensures that the present value of the total transfer is finite. Having decentralized
the Planner’s allocation, one needs to determine whether the Second Welfare Theorem holds.
Proposition 5.1 (Decentralized Equilibrium). Any Fund’s transfer with high implied interest rates
can be decentralized as a competitive equilibrium with endogenous borrowing limits.
Proof. See Appendix A
This proposition states that there exists a direct correspondence between, on the one hand, ω
and, on the other hand, x and b given by
u0 (c(s, ω)) =

1 + νl (s, x, b) 1
.
1 + νb (s, x, b) x

In words, for a given s, if ω, x and b satisfy the above correspondence, then c(s, ω) = c(s, x, b),
cp (s, ω) = τ p (s, x, b), cf (s, ω) = τ f (s, x, b), cp (s, ω) + cf (s, ω) = τ (s, x, b) and n(s, ω) = n(s, x, b). In
that same logic, we have that W b (s, ω) = V b (s, x, b) and W p (s, ω) + W f (s, ω) = V l (s, x, b). Thus,
the endogenous borrowing limits (11) and (16) are exactly and uniquely binding when they are
binding in the Fund contract. This implies for the Fund-provided asset price that
q f (s0 , ω 0 |s) =

1
u0 (c0 )
π(s0 |s) 0 η
1+r
u (c)
if νb (x0 , s0 , b0 ) = 0 and νl (x0 , s0 , b0 ) > 0,
16

q f (s0 , ω 0 |s) =

1
π(s0 |s)
1+r
if νl (x0 , s0 , b0 ) = 0 and νb (x0 , s0 , b0 ) > 0.

Having properly defined the equilibrium equivalence between the Planner’s and the decentralized
problem, one can now characterize the steady state of the model. The definition of the steady state
is related to the definition of an ergodic set of relative Pareto weights. The term ergodic refers
to the fact that the relative Pareto weights in this set are aperiodic and recurrent with non-zero
probability. In other words, once it enters the ergodic set, the economy moves around the same set
of relative Pareto weights over time and over histories.
Definition 5.3 (Steady State Equilibrium). A steady state equilibrium is related to a lower bound
x = mins∈S {x : V b (s, x, b) = V a (s)} and an upper bound x = maxs∈S {x : V b (s, x, b) = V a (s)} for
the relative Pareto weights together with the shock space S. One distinguishes two kinds of steady
states:
1. A perfect risk sharing steady state is an equilibrium path in which x = x implying that the
relative Pareto weight xt remains constant for all t > h, for some h ≥ 0.
2. An imperfect risk sharing steady state is an equilibrium path in which x < x implying that
the relative Pareto weight xt takes values from the ergodic set {x, . . . , x} for all t > h, for
some h ≥ 0.
The lower bound of the ergodic set is determined by the lowest achievable relative Pareto
weight in the contract. It represents the lowest value that the country accepts in the contract.
In the case of equally patient agents (i.e. η = 1), the lower bound would be determined by
mins∈S {x : V l (s, x, b) = Z − b}. Any relative Pareto weight below this threshold will always be
admitted by the lender. The upper bound represents the highest relative Pareto weight that makes
the country’s constraint bind. Any value above this will always be admitted by the country. Note
that unlike the lower bound, the upper bound of the ergodic set is the same whether both agents
are equally patient or not.
In our economy, η < 1 implying that the country is more impatient than the Fund. Moreover,
as the law of motion of the relative Pareto weight is given by
x0 =

1 + νb
ηx,
1 + νl

the relative weight decreases over time, when none of the constraints is binding (i.e. νb = νl = 0).
This reduction continues until the lower bound of the ergodic set is hit.16 Note that if both agents
would be equally patient (i.e. η = 1), the relative Pareto weight would remain stable when none of
the constraints is binding. Finally, note that a contract is not feasible when mins∈S {x : V l (s, x, b) =
Z − b} < mins∈S {x : V b (s, x, b) = V a (s)} simply because none of the contracting parties would like
to participate to the contract.
16

This is why we cannot determine the lower bound by mins∈S {x : V l (s, x, b) = Z − b}. Being at the lenders lower
bound x continues to diminish, until it reaches the borrowers lower bound.
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Lemma 5.1 (Bounds of the Ergodic set). The bounds of the ergodic set solely depend on the current
productivity state, s ∈ S.
Proof. See Appendix A
This lemma states that the bounds of the ergodic set are independent of b. In other words, the
country’s participation constraint is solely determined by the realized productivity state. This is
because, in the Fund, the country’s participation constraint is always satisfied meaning that the
country is guaranteed to receive a minimal level of utility irrespective of its indebtedness. From the
Fund contract FOCs in Section 4, its optimal labor is determined by the value of the future relative
Pareto weight and the productivity state, while its optimal consumption is pinned down by the
former. Moreover, the value of the relative Pareto weight does not dependent on the private bond
choice since the country’s outside option is solely dependent on the productivity state. Hence, the
bounds of the ergodic set are independent of the level of private indebtedness.
Proposition 5.2 (No Default Equilibrium). In a RCE, the contracting country does not default.
Proof. See Appendix A
This proposition directly follows from (11) or, equivalently, from (2). The Fund always provides
state-contingent transfers to the country through a portfolio of Arrow securities and bonds. This
sustains the chosen sequence of private bond, {b(st )}∞
t=0 and ensures that the country obtains at
least the value of its outside option in any sate. Hence, given the Fund’s transfer, the country is at
most indifferent between reneging the contract or not and finds it optimal not to do so.
Having said that, the Fund does not accept to sustain all possible sequences of private bonds
{b(st )}∞
t=0 . We will see that, when (16) binds, the Fund is very strict and does not accept that the
country accumulates debt in the private bond market.

5.3

The Fund Contract, Assets and Prices

The country faces two alternatives to purchase debt: the Fund and the private bond market.
Besides bonds and unlike private lenders, the Fund also trades Arrow securities. This section
therefore establishes the price dynamic and the optimal holdings of assets in the decentralized
environment. Using the fact that the borrowing constraints of the borrower and the lender do not
bind at the same time,17
q f (s0 , ω 0 |s) =

u0 (c(s0 , ω 0 ))
1
π(s0 |s) 0
η
1+r
u (c(s, ω))

if γb (s0 ) = 0 and γl (s0 ) > 0,
1
q f (s0 , ω 0 |s) =
π(s0 |s)
1+r
if γl (s0 ) = 0 and γb (s0 ) > 0.
17

If both constraints would bind at the same time, no agreement could be reached between the country and the
lenders. In other words, no contract would exist.
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Thus, the price is determined by the agent whose constraint is not binding (Krueger et al., 2008).
It then follows that
 0

π(s0 |s)
u (c(s0 , ω 0 ))
q f (s0 , ω 0 |s) =
max
η,
1
.
(21)
1+r
u0 (c(s, ω))
Following the country’s Euler equations given by (17) and by (18) and the price schedule in (21), it
must be that the bond prices in the Fund and in the private bond market are the same. Otherwise,
one of the two bonds will not be traded.
Lemma 5.2 (Bond Price). In a RCE, in every states,
X


q f s0 , ω(s0 )|s = q p s, ω(s0 ) ,
s0 |st

Proof. See Appendix A
The implicit interest rate in the Fund is defined by
rf (s, ω 0 ) :=

1
q f (s, ω 0 )

− 1.

Observe that it suffices that the lenders’ constraint is binding in one state s0 ∈ S to have that
P
1
f 0
0
f
s0 |s q (s , ω |s) > 1+r . Hence, in this case, r < r. Similarly, the implicit interest rate in the
private bond market is given by
1
rp (s, ω 0 ) := p
− 1.
q (s, ω 0 )
When the lenders’ participation constraint is binding, the Fund expects that b0 ≥ 0 as the country’s
total indebtedness might become unsustainable otherwise.18 It will therefore provide some credit
and Arrow securities to ensure that the country continues to obtain the appropriate amount of
insurance. However, it provides just enough resources such that the country’s indebtedness remains
sustainable in all future states. Furthermore, if the country decides to accumulate some amount
of private debt, b0 < 0, the Fund will withdraw. Knowing this, private lenders fulfil the Fund’s
expectation and do not lend to the country as they fear that the country would default after the
Fund’s withdrawal. The negative spread therefore appears to sustain this no-trade equilibrium in
the private bond market. Concurrently, it also restricts the provision of the Fund’s insurance to
the country.
This rejoins our argument made in section 4, where we stated that the lenders’ constraint is
similar to a DSA. The Fund contract involves DSA not only at the outset, to determine the terms
of the contract, but all along the evolution of the contract. When the lenders’ constraint is binding,
the country is at the verge of failing its DSA. Private lenders refuse to provide further credit to
the country as they fear the Fund’s withdrawal and the underlying potential defaults in the near
future. In opposition, the Fund provides just enough resources to the country to pass its DSA, not
more.
18

We say that the country’s debt might become unsustainable as the lenders’ constraint does not necessarily bind
for all s0 ∈ S. Hence, if the country is lucky enough, it could end up in a state tomorrow where lenders could sustain
its indebtedness even if it borrowed more today.
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When the lenders’ constraint is binding, the country is unable to borrow from the private bond
market as if it were defaulting. This result is however not a decision of the country but of the
lenders. We therefore do not have a positive spread – as it would be the case if the country would
like to default – but a negative spread. When the lenders’ constraint given in (13) is binding, the
country would like to borrow more today with the promise that it would pay back tomorrow, but
this is a non credible promise, from the perspective of the Fund. If the country borrows more today,
there is a chance that its debt becomes unsustainable tomorrow.19 As lenders do not want to risk
the country’s DSA failure, they restrict their lending activities.
Using the intertemporal budget constraints, one can construct the asset holdings that make the
consumption allocations in the Fund contract satisfy the present value of the budget. First, define
the transversality condition of the borrower as

 


lim Et β t q f st+1 , ω(st+1 )|st u0 c st , ω(st ) a st+1 , ω(st+1 ) + b(st+1 ) = 0,

t→∞

where




q f st+j , ω(st+j )|st = q f st+j , ω(st+j )|st+n−1 ) q f st+n−1 , ω(st+n−1 )|st+n−2 ) ·. . .·q f st+1 , ω(st+1 )|st ,
for all t and st . Recall that, under Lemma 5.2,
X



q f st+1 , ω(st+1 )|st = q p st , ω(st+1 ) ,

st+1 |st

for all t and st . Using the borrower’s budget constraint, one gets
X



a(st , ω(st )) =c st , ω(st ) +
q f st+1 , ω(st+1 )|st a st+1 , ω(st+1 ) +
st+1 |st




q p st , ω(st+1 ) b st+1 − b st − Y st , ω(st ) ,




where, Y st , ω(st ) = θ(st )f n st , ω(st ) for all t and st . Iterating forward the budget constraint
and using the transversality condition as well as the equilibrium price relationship, one obtains
∞
X





a st , ω(st ) + b st = Et
q f st+j , ω(st+j )|st c st+j , ω(st+j ) − Y st+j , ω(st+j .
j=0

Similarly, define the transversality condition of the lender as




lim Et β t q f st+1 , ω(st+1 )|st cl st , ω(st ) al st+1 , ω(st+1 ) + bl (st+1 ) = 0.

t→∞

Using the consolidated budget constraint of both lenders, one gets
X







al st , ω(st ) = cl st , ω(st ) +
q f st+1 , ω(st+1 )|st al st+1 , ω(st ) + q p st , ω(st+1 ) bl st+1 − bl st .
st+1 |st
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Again, the lenders’ constraint does not necessarily bind for all s0 ∈ S.
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Iterating forward the budget constraint and using the transversality condition as well as the equilibrium price relationship, one obtains
t

t



t

al s , ω(s ) + bl (s ) =Et
=Et

∞
X
j=0
∞
X



q f st+j , ω(st+j )|st cl st+j , ω(st+j )
q f st+j , ω(st+j )|st




Y st+j , ω(st+j − c st+j , ω(st+j ) ]

j=0



= − a st , ω(st ) − b st .


The market clearing condition implies that al st , ω(st ) + a st , ω(st ) = 0 and b(st ) + bl (st ) = 0
for all t and st .
If the participation constraint of one of the contracting parties is binding, the borrowing limit
for of the constrained agent in the decentralized economy is determined by
Ab (s ) = Et
t

Al (sn ) = Et

∞
X
j=0
∞
X

q f st+j , ω(st+j )|st




c st+j , ω(st+j ) − Y st+j , ω(st+j ) ,



q f sn+j , ω(sn+j )|sn cl sn+j , ω(sn+j ) ,

(22)

(23)

j=0

where one distinguishes between t and n with t 6= n as both constraints cannot bind at the same
time if the contract is feasible.
Three conclusions can be drawn from this definition. First and foremost, it is now clear that
(13) represents a net present value (NPV) constraint. In any state, the decentralized asset portfolio
between the country and the Fund is a whole plan of contingent asset position to the indefinite
future, in opposition to the private bond contract which is a one period deal. The whole contingent
plan of asset holdings corresponds to the whole plan of transfers {τ (st )}∞
t=0 , which is clearly not
a one period decision. The fact that the whole plan can be determined recursively does not mean
that the asset positions in st+1 – that is ω(st+1 ) – refer only to a set of contingent payoffs at t + 1.
Rather, ω(st+1 ) represents the NPV of all future Fund’s transfers starting from st+1 . Therefore
when (13) binds with strictly positive probability, the Fund refuses to grant an alternative plan
embedded in some other ω̃(st+1 ), which would render the NPV negative. Equivalently, this means
that the Fund should not lend too much at too low a price or it would end up loosing money.
Hence, the lender’s constraint is a present value – or more lively, a no bailout – constraint, which
is conceptually distinct from the borrower’s borrowing constraint, (i.e. a sovereignty constraint).
The second point we want to highlight is that (22) and (23) do not depend on the private bond
holdings. Thus, irrespective of the sequence of private bonds {b(st )}∞
t=0 , as long as, the different
sequences have the same initial starting point, b(s0 ), and can be sustained in the Fund contract,
they will lead to the same present discounted value for the lenders and the borrower. This is a
Ricardian equivalence result applied to equations (22) and (23).
Proposition 5.3 (Welfare Equivalence). Any sequence of private bond positions {b(st )}∞
t=0 being
sustained in a RCE with the same initial b(s0 ) leads to the same welfare.
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Proof. See Appendix A
The third conclusion regards the case where the lenders’ constraint is binding. As already
mentioned, in this case, rf = rp < r. There, the Fund expects that the private lenders will not
provide any credit to the country. Hence, it continues to trade Arrow securities with the country
and provides some credit under the condition that b0 ≥ 0. However, it signals to private lenders
it would withdraw if some amount of private debt is offered for the next period. Given that, the
private lenders’ best response is to stop their lending activities with the country. They know that
the Fund’s withdrawal would open the prospect of default.
An implication of this is that the lenders’ NPV limit is independent of the private bond holdings.20 Suppose the lenders’ constraint given by (13) is binding with Z + b0l > 0, which means that
the private debt −b0 is not sustainable and no private lenders will accept to lend. In particular
irrespective of the value of Z it must be that b0l ≤ 0 – or equivalently b0 ≥ 0, when (13) is binding
since no private lenders will accept to supply debt as they fear the country’s DSA failure and its
consequences.21 As a result, the NPV limit Al (st ) is independent of b(st ) for all t and st . Furthermore, as lenders are risk neutral, both W l (st , Al (st )) and Al (st ) represent a present discounted
value of the sequence of total surpluses {τ (sn )}∞
n=t . However, the discount factor of the former is
the risk-free rate, while the discount factor of the latter is the market rate. The market rate being
lower or equal to the risk-free rate – due to the occurrence of negative spreads, we obtain that
Al (st ) ≤ W l (st , Al (st )) = Z.
Lemma 5.3 (Effective Lenders Binding Constraint). For all b0l ≥ 0, in a RCE the lenders’ binding
constraint (16) satisfies:
W l (s0 , Al (s0 , b0l )) = Z ≡ W l (s0 , Al (s0 )),
and
Al (s0 ) ≤ Z.
Proof. See Appendix A
Lemma 5.3 generalizes a result of Tirole (2015) who states that the optimal contract between
two countries with asymmetric shocks is a debt contract with a cap and no joint liability. Most
notably, the cap relates to the extent of solidarity, which is given by the externality cost of debt
default on the lender. In our formulation, the cap is given by Z which can be interpreted as a
solidarity parameter.
Lemma 5.4 (Debt Indetermination). In all states s0 in which (16) does not bind, the division of
ω 0 between b0 and ā0 is indeterminate.
Proof. See Appendix A
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This rejoins Lemma 5.1 in the case of equally patient agents (i.e. η = 1), namely that the bounds of the ergodic
set are solely depending on s ∈ S.
21
This result solely holds for b0l ≥ 0 and for one period bonds. Had we had long term bonds, the statement of
Lemma 5.3 would be W l (s0 , Al (s0 , b0l )) = Z + b0l , with b0l denoting the outstanding long-term bonds.
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This lemma follows directly from Lemma 5.2 and the fact that when (16) does not bind, the
country can equally access the private bond market and the Fund. As a matter of fact, when the
lenders’ participation constraint is not binding, debt is as expensive in the Fund as in the private
bond market and the country can accumulate debt in both locations. Therefore, the country is
indifferent between holding debt in the private bond market and in the Fund. This results to an
indetermination.
Corollary 5.1 (Effective Intervention of the Fund). The Fund’s intervention is minimal when
ā0 = 0, in all states s0 in which (16) does not bind. If there is a RCE then there is a RCE where
the Fund intervention is minimal.
Proof. See Appendix A
This corollary resolves the previous indetermination and implies that the Fund-provided financial assets are solely composed of Arrow securities when (16) does not bind. Thus, the Fund does
not provide credit but is an insurance contract, which provides risk-sharing – to exogenous and
endogenous state fluctuations – but also insures co-state fluctuations. In particular, in the states
where the borrowing country enforcement constraint becomes binding – say, s0 with π(s0 |s) > 0,
the contract provides enough borrowing as to satisfy this constraint (i.e. to allow consumption
to increase), but given that it only provides insurance, the country must ‘lend back’ to the Fund
in other states where the constraint is not binding – say, s̃0 with π(s̃0 |s) > 0, in order to provide
this ‘lending back’ the country may need to borrow and in an effective intervention, equilibrium it
borrows in the private market.
Under the Fund’s effective intervention, when the lenders’ participation constraint does not
bind, the entire debt position of the country is located in the private market. The Fund solely
trades Arrow securities. However, when the lenders’ constraint binds, private lenders stop lending
to the country. The Fund has therefore to provide credit or to accept some permanent losses. In
the former case, it provides some credit but does not accept larger levels of indebtedness. Neither
does it necessarily roll over the entire debt position. It provides the amount of debt that permits
the country to marginally pass its DSA, not more.

6

Calibration

The calibration follows the one of Ábrahám et al. (2019) for stressed countries during the European
debt crisis. The utility function is additively separable with respect to labor and leisure with
constant relative risk aversion adapted from King et al. (1988).
U (c, n) =

(1 − n)1−σl − 1
c1−σc − 1
+γ
.
1 − σc
1 − σl

The parameters σc is the coefficient of relative risk aversion and −σl denotes the inverse of the
Frisch elasticity of labor supply. Furthermore, γ is a coefficient measuring the disutility from work.
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The production function is Cobb-Douglas with parameter α
f (n) = nα .
Table 1 summarizes the value of each parameters. For the labor productivity shock θ, we use the
Markov switching regime constructed by Ábrahám et al. (2019). The Markov chain is composed of
3 regimes of 9 shocks each – that is 27 labor productivity states in total. The first (last) regime has
the lowest (largest) average productivity. Even though each regime is characterized by a different
average productivity, they overlap between each other.
Table 1: Parameter Values

7

α

β

σc

σl

γ

r

λ

ψ

Z

0.566

0.945

1

0.6887

1.4

0.0248

0.15

0.89

0

Results

The results of our quantitative exercise are presented in this section. First, we present and discuss
the shape and the pattern of the policy functions and the financial variables. The focus is here to
see whether the contracting country’s entire debt position is safe with zero default risk and how this
is achieved. Second, one analyzes the model outcome in steady state. Most notably, we simulate
the dynamic of the economy in its ergodic set and compare the outcome with and without the
Fund’s intervention. Finally, one conducts a welfare analysis.

7.1

Policy Functions and Financial Variables

We first present the different policy functions and financial variables. Figure 1 depicts the former as
a function of (s, z), while Figures 2, 4 and 3 depict the latter also as a function of (s, z). In appendix
C, Figures C1 and C2 present the main policy functions and financial variables as a function of
(s, ω) and (s, b), respectively. The labor productivity shocks are labeled by θi with i = 1, ..., 27
and where θi < θi+1 . Moreover, we normalize the relative Pareto weights as z ≡ xη . In the figures
below, we focus on three main productivity shocks, namely the highest, θmax , the median, θmed ,
and the lowest, θmin , ones. Furthermore, for some variables depending on the level of private debt,
we present them as a function of b = 0 and b = −1.35, where the latter represents the highest level
of debt the country desires to accumulate in our calibration.
The top panel of Figure 1 presents the optimal policies with respect to the future relative Pareto
weights, consumption and labor as function of (s, z). With a logarithmic utility, the consumption of
the borrower is equal to the relative future Pareto weight, c = z 0 . Both c and z 0 are increasing, while
n is decreasing in the current relative Pareto weight z. In each panel, the horizontal line on the
left hand side is determined by the country’s binding participation constraint, while the horizontal
line on the right hand side is determined by the lenders’ binding participation constraint. The line
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Figure 1: Optimal Policies as Function of (s, z)

rejoining both horizontal lines is determined by the first best allocation and has a slope of η < 1.
Consistent with Lemmas 5.1 and 5.3, z 0 , c and n do not depend on the holdings of private debt.
The value functions of the country, V b , and the lenders, V l , are presented next to the aforementioned policy functions. The shape of the value function is a by-product of the optimal policy
functions. The horizontal lines on the left hand side for the countrys continuation value and on the
right hand side of the lenders’ continuation value represent the respective autarky values. In line
with the optimal policy functions, for a given labor productivity shock, the value functions of both
the lenders and the country are independent of the level of private debt.
Now we turn to the financial variables depicted in Figure 2. The first row of the figure represents
the prospective debt holdings of the country. Consistent with the definition of effective intervention
in Corollary 5.1, when the lenders’ constraint does not bind, all the debt is accumulated in the
private bond market. The debt holdings there can be substantial. As we will see in the welfare
analysis, the maximal debt holdings exceeds more often than not 150% of the country’s output.
Conversely, the country holds debt in the Fund solely when the lenders’ participation constraint
binds. The debt accumulation is largely reduced, though. As we will see this is because the country
has a limited access to Arrow securities when the lenders’ participation constraint binds.
The second row of Figure 2 depicts the current asset holdings and the interest spreads. One
sees that when the lenders’ participation constraint is binding, ω is very close to zero because of
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Figure 2: Financial Variables as Function of (s, z)

Lemma 5.3 and the fact that Z = 0. It might not exactly be equal to zero depending on the value of
the total surplus and how large the negative spread is. This nonetheless tells us that if the lenders’
participation constraint is binding today then the value of the country’s debt is in great part offset
by the value of the realized Arrow security. Hence, when the lenders’ participation constraint binds,
the country is limited in the trade of Arrow securities and bonds. This limitation ensures that the
country does not violate the NPV constraint of the lenders.
Regarding interest rates, the Fund’s and private market’s spreads are nil when the lenders’
constraint is not binding consistent with Proposition 5.2.22 In opposition, spreads are negative
when the lenders’ constraint is binding. As one can see, the negative spread remains relatively
modest. Furthermore, it is not necessarily monotone in productivity states. It is larger the more
constraints are binding in s0 ∈ S. Hence, it relates to the extend of insurance required in each future
state. A negative spread reduces the trade of Arrow securities in the binding states s0 ∈ S. To see
P
why, recall that the holdings of Arrow securities are defined such that s0 |s q f (s0 , ω 0 |s)â0 (s0 ) = 0.
0

|s)
0
0
Hence, when q f (s0 , ω 0 |s) > π(s
1+r for some s with π(s |s) > 0, the country has to reduce its
holdings of Arrow securities in the binding states to satisfy the aforementioned clearing condition.
As a result, if the lenders’ constraint binds in many future states, little hedge is offered by the Fund
limiting the accumulation of debt.
22

The default set of the economy with and without the Fund is presented in Figure C3 in Appendix C.

26

Figure 3: Arrow Securities as Function of (s, z)

Figure 3 presents the holdings of Arrow securities. This figure is key in explaining the insurance
mechanism provided by the Fund. First, one clearly sees that the country goes long in the transition
between a relatively high productivity state to a relatively low productivity state. The opposite
is true for short positions. Hence, Arrow securities prevent large drops in consumption when the
labor productivity suddenly decreases. That is, the holding of Arrow securities is procyclical. In
other words, the insurance is large when the productivity state is high as well. Second, one observes
that the gross holding of Arrow securities decreases in the relative Pareto weight. In other words,
the insurance provided by Arrow securities reduces as z increases. As explained before, this is due
to the negative spread. The last aspect of Arrow securities one wants to highlight is that they are
always traded in complement to bonds. The relationship is pretty clear on the two panels on the
right-hand side of the figure. When the lenders’ constraint is binding, ā0 + â0 (s0 ) is close to zero for
the same reasons mentioned in the comment of ω. Correspondingly, notice the flat profile of ω 0 (s0 ).
Those two panels deliver the same message, namely that Arrow securities hedge the credit position
of the country. It then logically follows that any limit to the trade of Arrow securities translates
into a limitation of debt accumulation.
The financial variables presented in Figure 2 and 3 do not depend on the private bond holdings.
The ones presented in Figure 4 do. The Fund’s primary surplus, τ f , represents the net savings of
the country in the Fund. As the relative Pareto weight increases towards the value at which the
lenders’ participation constraint binds, the surplus becomes negative. The opposite is true when the
27

Figure 4: Transfers as Function of (s, b, z)

relative Pareto weight is decreasing. Thus, the surplus is procyclical or if one prefers the deficit is
countercyclical. As already mentioned, this procyclicality is the key mechanism preventing default.
Next to the net savings in the Fund, one has the net savings in the private bond economy, τ p .
The pattern here is the opposite of the one observed before, reflecting the hedging property of the
Fund. The last panel of Figure 4 depicts the total net savings, τ f + τ p , which correspond to the
current account of the contracting country. It follows the same pattern as τ f but is independent
of b. The total surplus is therefore procyclical (or countercyclical if one refers to primary deficits)
as well. Furthermore, it remains modest compared to τ f or τ p , reflecting the fact that positions in
the private bond market are counterbalanced by positions in the Fund.

7.2

Steady State Analysis

Figure 5 displays the evolution of the relative Pareto weight in steady state. This variable is key
as it determines the dynamic of the whole economy. The dark grey region represents the ergodic
set given in Definition 5.3. It is delimited by a lower bound of z = 0.07 and an upper bound of
z = 0.21. The light grey region represents the basin of attraction of the ergodic set. As one can
clearly see the upper and lower bounds of the set do not coincide. Thus, we are in the case of an
imperfect risk sharing steady state. As noted earlier, the line characterizing the first best in our
economy is below the 45◦ line as the country is relatively more impatient than the lenders. This
means that whenever none of the constraints is binding, the relative Pareto weight decreases. It
continues to do so until it hits the value at which the country’s participation constraint is binding.
This is different than the case of equally patient agents where the relative Pareto weight remains
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Figure 5: Evolution of the Relative Pareto Weight in Steady State as a Function of (s, z)

constant when none of the constraints is binding.
One can illustrate the movement of the relative Pareto weights in the ergodic set with the
following example. Suppose one starts in the ergodic set on the first best line of the median shock
(red non-horizontal line) with a relative Pareto weight of say z = 0.18. There, neither of the two
participation constraints binds. If the economy remains in this state, the relative Pareto weight
decreases until it reaches the country’s binding constraint at around z = 0.15. At this point,
consider that the economy moves to the highest productivity state. There, the value z = 0.15 is
now too low for the country – its participation constraint therefore binds. The Planner will then
increase the relative weight and set it to the minimum level to make the country indifferent between
reneging the contract or not – that is z = 0.21. As long as the productivity state does not change,
the economy remains there. Now assume that the economy pass from the highest to the lowest
productivity state. There, the lenders’ participation constraint binds and the Planner will decrease
the weight to z = 0.1.
To have a better idea of the model’s dynamic in steady state, we simulate the economy within
the ergodic set of relative Pareto weights. We conduct two exercises. First, one simulates the
economy in normal time. For this purpose, one generates one history of shocks for 400 periods
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in steady state. To avoid that the initial conditions blur the results, the first 300 periods are
discarded. Second, one simulates the economy in crisis time starting with the lowest Pareto weight
in the ergodic set, the lowest labor productivity and an initial debt level drawn from the ergodic
set. To gauge the impact of the Fund’s intervention in each exercise, we simulate both the economy
with and without the Fund in parallel.23
Figure 6 depicts the simulation in normal time. The red line represents the economy without
the Fund and the blue line the economy with the Fund. The grey region depicts the periods in
which the country devoid of the Fund’s intervention decides to default. Defaults of the incomplete
market economy are the consequence of a drop in labor productivity combined with a relatively
large private indebtedness. The possibility of default creates positive spreads on the private bond
market. In opposition, one sees that the Fund’s intervention prevents defaults and the underlying
risk premium attached to the bond price. When the labor productivity largely drops, the Fund
transfers resources to the country. This sustains the current private indebtedness and let the
country accumulate debt at the risk-free rate.
Figure 6: Simulation – Normal Time

With the Fund’s intervention, the economy has a more stable consumption path over time.
Hence, the country avoids the major fluctuations of consumption that characterizes the standard
23

The economy without the Fund is a standard incomplete market economy in the spirit of Arellano (2008).
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incomplete market economy with defaults. Moreover, as it trades bonds at the risk-free rate without
restrictions, it can afford a greater consumption. Most notably, the contracting country is able to
accumulate private debt at the risk-free rate in regions where it would normally default without
the Fund. This is entirely due to the fact that debt positions are hedged by Arrow securities. To
get a sense of the insurance component, we display the Arrow securities purchased today for the
highest and the lowest states tomorrow. Three points deserve to be noted. First, the portfolio of
Arrow securities is procyclical as it follows the exact same pattern as the shock process. Second,
it evolves in the opposite direction as private debt. Thus, debt positions are hedged by Arrow
securities. Third, the positions taken in Arrow securities are substantial. If one focuses on â0 (s0 |s)
for s0 = θmin , we see that it amounts on average 300% of GDP. Instead of looking at the Arrow
securities one can observe the Fund’s primary surplus, τ f , which also moves procyclically and
largely oscillates around zero since Z = 0.
Notice that the economy with the Fund can record negative spreads. This occurs in our simulation around the period t = 30. We see that the spread is relatively modest but triggers a
complete withdrawal of private lenders. One also sees that the trade of Arrow securities is limited
in the lowest state, s0 = θmin , but remains stable for the other depicted state. This is because the
lenders’ constraint is binding for future low productivity states implying negative spreads there.
In opposition, states where the lenders’ constraint is not binding do not record any spread. This
forces the country to reduce its prospective holdings of Arrow securities exactly in the binding
states. Nonetheless, the apparition of negative spreads does not destabilise the country. The Fund
provides some credit, ā0 , to cope with the private lenders’ withdrawal. The amount of bond offered
by the Fund remains negligible though. The large transfer when the constraint binds is therefore in
great part explained by the realized Arrow security. Once the spread disappears, the country can
return to the private bond market immediately, transferring back its indebtedness from the Fund
to the private market.
Figure 7 depicts the simulation in crisis time. One sees that in the immediate outbreak of the
crisis, the country without the Fund defaults and is excluded from the market. In opposition, the
Fund’s intervention prevents default and enables the country to maintain its large indebtedness.
As the country starts in the lowest possible productivity state, its prospective holdings of Arrow
securities is mostly negative. Indeed, the country cannot end up in a worst state and therefore
needs little insurance. Owing to the Fund’s intervention, the interest rate spread remains nil. In the
counterfactual economy without the Fund, the spread explodes and records numerous aftershocks.
Finally, the Fund’s intervention enables the country to maintain a larger consumption while working
less than in the economy without the Fund.
Comparing the two simulations, one concludes three main points. First, default in the incomplete market economy is frequent and can arise in normal times as well. This generates discontinuities in both bond holdings and consumption. Second, as time goes by, one observes a wedge
between the two economies. Without the Fund, the country cannot accumulate large amounts
of private debt without incurring a large risk premium. Hence, the country without the Fund is
unable to increase (or even maintain) its consumption level over time. In other words, the Fund’s
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Figure 7: Simulation – Crisis Time

intervention enhances consumption smoothing. Third, with the Fund, the country has access to
insurance and therefore can accumulate large amounts of debt in the private bond market. Only
very rarely can the economy without the Fund accumulate as much debt as the other economy.
Thus, the Fund’s intervention enlarges the country’s capacity to accumulate debt.
Figure 8 depicts the impulse response functions resulting from a stark negative shock. The
responses are computed as the mean of 60’000 independent shock histories starting with the lowest
productivity shock θmin , the lowest Pareto weight in the ergodic set and and initial debt hodlings
drawn from the ergodic set. The depicted patterns confirm our earlier arguments.
In the very first periods following the shock’s realization, the Fund transfers resources to the
contracting country. This prevents a large decrease in consumption and a large increase in labor
supply. Still, the consumption is the same in the two economies as one starts with the lowest relative
Pareto weight in the ergodic set. However, without the Fund’s intervention, the country repudiate
its debt and is obliged to provide more labor to avoid a massive reduction in consumption. Thus,
the immediate impact of a sudden low productivity shock is more severe in the absence of the
Fund. In the long run, the country without the Fund is likely to repudiate debt again and therefore
reaches more rapidly its steady state level of consumption. Notice that the shock value might
diverge between the economy with and without the Fund in the default region as the defaulting
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Figure 8: Impulse Response Functions

economy is subject to a penalty.
Regarding the financial variables, one observes that the Fund’s intervention enables a larger
debt holdings in the private bond market in the short and the long run. Without the Fund, many
countries in the simulation default implying b0 = 0 and rp − r → ∞. The last row of Figure 8
explains how the Fund provides insurance. In the immediate outbreak of the shock, the country
receives resources from the Fund. In terms of prospective Arrow securities, the country has a short
gross position as it starts in the lowest productivity state and therefore cannot get worst in the
future. Subsequently, the country gets less short and more long on Arrow securities as the labor
productivity improves.

7.3

Welfare Analysis

Table 2 depicts the welfare comparison between the economy with and without the Fund. The first
column represents the welfare gains of the Fund’s intervention in consumption equivalent terms at
zero initial debt holdings.24 Recall that the country which has access to the Fund can hold debt
in the Fund or in the private bond market. Thus, to adequately compare the two economies, we
24

We evaluate welfare gains at zero initial debt for the same reasons highlighted in Ábrahám et al. (2019).
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compare them for the same total debt holdings. That is, the welfare comparisons are computed
at the points where ω = 0 for the economy in the Fund and at b = 0 for the economy outside the
Fund. The welfare computation is explained in Appendix B.
Table 2: Welfare Comparison at Zero Initial Debt

Productivity State

Welfare Gains
(%)

Maximal Debt absorption
(% of GDP)
Without Fund
0
max −b
y

s = θmin
s = θmed
s = θmax
average

7.69
5.98
5.26
6.49

1
82
106

With Fund
0
0
max −b
max −ā
y
y
169
213
489

64
47
72

Welfare gains are important with the Fund’s intervention. With zero initial debt, the consumptionequivalent welfare gains span between 5.26% and 7.69%. Moreover, the largest welfare gains are
recorded in low productivity states. Thus, the Fund’s intervention is mostly valued when the country is in a difficult economic situation. As mentioned above, welfare gains are the consequence of
two main features of the Fund’s intervention. First, the Fund provides state-contingent transfers
and therefore enhances consumption smoothing. Second, it enables a greater accumulation of debt
in general.
The latter argument can be better illustrated when looking at the two columns of Table 2
0
labelled max −b
y . As we consider the Fund’s effective intervention, most of the debt is accumulated
in the private market. The difference between the debt capacities of the economy with and without
the Fund is noticeable. The Fund’s intervention enables the country to accumulate a greater amount
of debt in all cases. Notably, in the absence of the Fund’s intervention, the country’s absorbing
capacity is mostly limited in low productivity states. Two main reasons lie behind this. First,
there is no default cost in low productivity states owing to the asymmetric structure of the default
penalty. Second, due to the relatively high persistence of shocks, a low productivity state today
implies a high spread on almost all prospective private debt levels as the country has little chance
to repay what it owes unless a better shock realizes. Those two factors increase the risk premium
embedded in the private bond price and therefore greatly reduce the country’s borrowing capacity
in the absence of the Fund’s intervention.
The last column of the table represents the maximum absorbing capacity of the Fund itself.
As one can see it is not so high. Most notably, it can be lower than the absorbing capacity of
the economy without the Fund. This is because we are considering the case of the Fund’s effective
intervention under Corollary 5.1. That is, the Fund solely intervenes in the bond market when the
0
lenders’ constraint is binding. Otherwise, it only trades Arrow securities. Thus max −ā
y is, in fact,
the minimum needed to sustain the debt accumulation in the private bond market.
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Conclusion

The purpose of this paper was to design the optimal interaction between a Financial Stability Fund,
private competitive international lenders and a country. It therefore extends the work of Ábrahám
et al. (2019) by not having the Fund absorbing all the sovereign debt of a country. The Fund’s
long-term contracts is shaped by two-sided limited enforcement constraints. On the one hand, the
government is sovereign and, therefore, can default at will. On the other hand, the Fund has a
free access to the international financial market and can withdraw whenever additional lending
entails expected losses (i.e. when the liabilities of the country become, with positive probability,
unsustainable). The country’s constraint therefore represents a sovereignty constraint, whereas
the lenders’ limited enforcement constraint can be interpreted as a DSA. The country can borrow
one-period defaultable bonds on the private international market, while receiving state-contingent
transfers from the Fund. The Fund contract has no seniority with respect to the privately held
sovereign debt and, therefore, takes the private debt into account.
In equilibrium, the Fund prevents the country from defaulting on its entire debt position without
intervening on the private market. As a result, the debt in the private international market becomes
risk-free, although it is constrained when the lenders’ limited enforcement constraint binds. A
special attention is drawn on this occasion. The Fund contract involves DSA not only at the
outset, to determine the terms of the contract, but all along the evolution of the contract. When
the lenders’ constraint is binding, the country is at the verge of failing its DSA. In this situation,
the Fund expects no accumulation of private debt and therefore offers financial support. However,
it provides just enough resources for the country to pass its DSA. Most importantly, it grants this
financial assistance solely under the condition of zero private debt. Given that, the private lenders
fulfil the Fund’s will and a negative spread appears to sustain this no-trade equilibrium in the
private bond market.
In following versions, we will extend the existing framework to account for long-term debt
and provide a more accurate calibration of a Euro Area stressed country. Most notably, one will
concentrate on the case of Italy. Having not received the help of the ESM and currently recording
one of the largest spreads in the Euro Area, this country offers the opportunity of a very interesting
quantitative counterfactual analysis. Additionally, we will study the case in which the Fund has
seniority over private lenders, and compare both Funds’ designs. Finally, one will consider the case
of the Fund contract being the outcome of a Ramsey plan.
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Appendix
A

Proofs

Proof of Proposition 5.2. We conduct a proof by contradiction. The present proof only
considers the economy in equilibrium. It might be that default occurs off equilibrium path. This
situation is, however, outside the scope of the proposition. As a preliminary note, observe that
∂W b (s, ω)
= u0 (c) > 0,
∂ω
for any s ∈ S. As defined above, the borrowing limit is not too tight implying that
W b (s0 , Ab (s0 )) = V a (s0 ).
Now assume by contradiction that there exists a total amount of debt ω̃ 0 (s0 ) > Ab (s0 ) such that
W b (s0 , ω̃ 0 (s0 )) < V a (s0 ),
for a given state s0 ∈ S. However, this directly contradicts the fact that the value of the borrower
is increasing in ω. Therefore, the constraint stating that ω 0 (s0 ) ≥ Ab (s0 ) ensures that the country
does not default on equilibrium path. 
Proof of Proposition 5.1. Following Alvarez and Jermann (2000) we prove the proposition
by construction. First notice that our problem is formed by a concave objective function and a
convex feasible set. Thus, the Euler equations and the transversality conditions are sufficient for
a maximum. The Fund’s asset price is determined by the agents whose constraint is not binding.
That is
 0

 π(s0 |s)
u (c (s0 , x0 , b0 )))
f
0
0
q s , ω |s =
max
η, 1 .
1+r
u0 (c (s, x, b))
From the first-order condition of the Fund’s contracting problem we have
u0 (c(s, x, b)) =

1 + νl (s, x, b) 1
.
1 + νb (s, x, b) x

Moreover, from the law of motion of Pareto weights, we get that
x0 =
This implies that

1 + νl (s, x, b)
ηx.
1 + νb (s, x, b)

x0
1 + νl (s, x, b)
1
=
η= 0
η.
x
1 + νb (s, x, b)
u (s, x, b)

Recall that the lenders’ utility is linear because of risk neutrality and η ≡ β(1+r). In state (s, x, b), if
the country is unconstrained, νb (s, x, b) = 0, whereas if the lenders are unconstrained, νl (s, x, b) = 0.
As a result, the maximum marginal rate of substitution is attained by the unconstrained contracting
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party in state (s, x, b). This, together with the above definition of asset price, ensures that the Euler
equation of the country in (17) as well as the Fund in (19) are satisfied in all periods and states.
However, the country has two Euler equations: one for the Fund’s bonds in (17) and the other
for the private bonds in (18). One needs to ensure that the former is consistent with the latter.
The Euler equation for the Fund-provided bonds is given by
X
X
X
π(s0 |s)u0 (c0 ).
γb (s0 ) = β
q f (s0 , ω 0 |s) −
u0 (c)
s0 |s

s0 |s

s0 |s

The Euler equation for the private bond is
X
X
π(s0 |s)u0 (c0 ).
γb (s0 ) = β
q p (s, ω 0 )u0 (c) −
s0 |s

s0 |s

This implies that
q p (s, ω 0 ) =

X

q f (s0 |s, ω),

s0 |s

for all (s, ω, ω 0 ). Note that Lemma 5.2 shows this in greater details. The last point one needs to
verify is whether the transversality condition holds true. For the borrower one has that

 

lim Et β t q f st+1 , ω(st+1 )|st u0 c st , ω(st ) a(st+1 , ω(st+1 )) + b(st+1 )



= lim Et β t u0 c st , ω(st ) q f st+1 , ω(st+1 )|st

t→∞

t→∞
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j=0
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∞
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)|s0 c st+j+1 , ω(st+j+1 ) + cl st+j+1 , ω(st+j+1 )

, ω(s

t



t+j+1



j=0

=0
Where the last inequality follows from the Definition 5.2. It is straightforward to extend the
argument to the lender’s transversality condition. 
Proof of Lemma 5.1. We conduct a proof by construction. The law of motion of relative Pareto
weights is given by
1 + νb
x0 =
ηx.
1 + νl
The consumption is determined by


 0

1 + νl (s, x, b) 1
0−1
0−1 x
c=u
=u
=: u0−1 z 0 ,
1 + νb (s, x, b) x
η
39

0

where z 0 ≡ xη is the normalized relative Pareto weight and νb and νl are the normalized multipliers
attached to the country’s and the lenders’ participation constraints, respectively. The labor is
determined by
h0 (1 − n)
,
u0 (c)

θ(s)f 0 (n) =

n = g(s, c)
where g(·, ·) is the function returning the optimal labor from the FOC. As one can see, the optimal consumption is solely determined by the relative Pareto weight, while the optimal labor is
pinned down by the value of consumption – and therefore by the relative Pareto weight – and the
productivity state. The country’s instantaneous utility is then given by


U (c, n) = U u0−1 z 0 , g s, u0−1 z 0
which solely depends on the relative Pareto weight and the productivity state. As this holds for
every periods and states, the continuation value will be independent on b as well. Given this and
the fact that the country’s outside option solely depends on the productivity state, so does the
relative Pareto weight when the country’s constraint binds. 
Proof of Lemma 5.2. We conduct a proof by construction. One distinguishes three cases:
1. The country’s and lenders’ participation constraints are not binding
The lenders’ Euler equation reads
π(s0 |s)
,
1+r
1
q p (s, ω 0 ) =
,
1+r

q f (s0 , ω 0 |s) =

and the country’s Euler equations are
u0 (c(s0 , ω 0 ))
u0 (c(s, ω))
X
u0 (c(s0 , ω 0 ))
q p (s, ω 0 ) = β
π(s0 |s) 0
u (c(s, ω))
0

q f (s0 , ω 0 |s) = βπ(s0 |s)

s |s

If none of the two constraints is ever binding,
X

q f (s0 , ω 0 |s) = β

s0 |s

X

π(s0 |s)

u0 (c(s0 , ω 0 ))
1
=
,
u0 (c(s, ω))
1+r

π(s0 |s)

u0 (c(s0 , ω 0 ))
1
=
,
0
u (c(s, ω))
1+r

s0 |s

q p (s, ω 0 ) = β

X
s0 |s

It then follows that
q p (s, ω 0 ) =

X

q f (s0 , ω 0 |s) =

s0 |s
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1
.
1+r

2. The country’s participation constraint is not binding and the lenders’ participation constraint
binds
The lenders’ Euler equation reads
π(s0 |s)
,
1+r
X
1
γl (s0 ) =
q p (s, ω 0 ) −
,
1
+
r
0

q f (s0 , ω 0 |s) − γl (s0 ) =

s |s

and the country’s Euler equations are
u0 (c(s0 , ω 0 ))
,
u0 (c(s, ω))
X
u0 (c(s0 , ω 0 ))
q p (s, ω 0 ) = β
π(s0 |s) 0
.
u (c(s, ω))
0

q f (s0 , ω 0 |s) = βπ(s0 |s)

s |s

If the country’s participation constraint never binds,
X

q f (s0 , ω 0 |s) = β

s0 |s

X

X

π(s0 |s)

s0 |s

q f (s0 , ω 0 |s) >

s0 |s

u0 (c(s0 , ω 0 ))
u0 (c(s, ω))

and

1
,
1+r

Moreover,
q p (s, ω 0 ) =

X

q f (s0 , ω 0 |s) >

s0 |s

1
.
1+r

3. The country’s participation constraint binds and the lenders’ participation constraint is not
binding
The lenders’ Euler equation is
π(s0 |s)
,
1+r
1
q p (s, ω 0 ) =
,
1+r

q f (s0 , ω 0 |s) =

and the country’s Euler equations are
q f (s0 , ω 0 |s)u0 (c(s, ω)) − γb (s0 ) = βπ(s0 |s)u0 (c(s0 , ω 0 )),
X
X
q p (s, ω 0 )u0 (c(s, ω)) −
γb (s0 ) = β
π(s0 |s)u0 (c(s0 , ω 0 )).
s0 |s

s0 |s

If the lenders’ participation constraint never binds,
X
s0 |s

q f (s0 , ω 0 |s) > β

X
s0 |s
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π(s0 |s)

u0 (c(s0 , ω 0 ))
u0 (c(s, ω))

and

X

q f (s0 , ω 0 |s) =

s0 |s

1
,
1+r

Moreover,
q p (s, ω 0 ) =

X

q f (s0 , ω 0 |s) =

s0 |s

1
.
1+r

From those three cases, one can conclude that the bond price in the private market, q p (s, ω 0 ), is
P
always equal to the price in the Fund, s0 |s q f (s0 |s, ω). As a result, the division of debt between b0
and ā0 will be indeterminate if the country can freely access the Fund and the private bond market
as we show in Lemma 5.4. 
Proof of Proposition 5.3. We conduct a proof by construction. Consider two sequences of
t ∞
private bonds {b(st )}∞
t=0 and {b̃(s )}t=0 satisfying the definition of a RCE with b̃(s0 ) = b(s0 ) and
b̃(st ) 6= b(st ) for all t > 0 and st 6= s0 . Hence, at t = 0, the budget constraint reads

a(s0 , ω(s0 )) =c (s0 , ω(s0 )) +

X





q f s1 , ω(s1 )|s0 a s1 , ω(s1 ) + q p s0 , ω(s1 ) b s1 − b (s0 ) − Y (s0 , ω(s0 )) ,

s1 |s0

a(s0 , ω̃(s0 )) =c (s0 , ω̃(s0 )) +

X





q f s1 , ω̃(s1 )|s0 a s1 , ω̃(s1 ) + q p s0 , ω̃(s1 ) b̃ s1 − b̃ (s0 ) − Y (s0 , ω̃(s0 )) .

s1 |s0

Given that b̃(s0 ) = b(s0 ) and the initial asset holdings in the Fund being a (s0 , ω(s0 )) = a (s0 , ω̃(s0 )) =
0, it holds that ω(s0 ) = ω̃(s0 ). The two budget constraints can therefore be combined resulting to
the fact that


a(s1 , ω(s1 )) + b s1 = a(s1 , ω̃(s1 )) + b̃ s1 ,
where we used Lemma 5.2. Iterating forward the same argument for t > 0, we obtain that


a(st , ω(st )) + b st = a(st , ω̃(st )) + b̃ st ,
or equivalently,
Et

∞
X

q f st+j , ω(st+j )|st




c st+j , ω(st+j ) − Y st+j , ω(st+j

j=0

= Et

∞
X

q f st+j , ω̃(st+j )|st




c st+j , ω̃(st+j ) − Y st+j , ω̃(st+j ,

j=0

for all t and st . The generalisation of the argument for any t extensively relies on the fact that the
alternative private bond sequence b̃(st ) 6= b(st ) is consistent with (13) for all t and st .
Thus, a given sequence of private bonds {b(st )}∞
t=0 for which the country’s problem with borrowing limits Ab (st ) and the lender’s problem with NPV limits Al (st , b(st )) have a solution, the
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alternative private bond sequence {b̃(st )}∞
t=0 that can be sustained as a RCE with b̃(s0 ) = b(s0 )
t
t
t
and b̃(s ) 6= b(s ) for all t > 0 and s 6= s0 is equivalent to {b(st )}∞
t=0 . 
Proof of Lemma 5.3. We conduct a proof by construction. We have established that whenever
the lenders’ borrowing limit binds, private lending activities with the country stops. Moreover,
t+j |st+1 )
, while when the lender’s constraint does not bind
in this case q f (st+j , ω(st+j )|st ) > π(s(1+r)
j
t+j

t+1

|s
)
q f (st+j , ω(st+j )|st ) = π(s(1+r)
. As the country is borrowing from the Fund when the lender’s
j
t+j
t+j
constraint binds, Y (s , ω(s )) − c(st+j , ω(st+j )) ≤ 0.25 It then follows that
∞
X



q f (st+j , ω(st+j )|st ) Y (st+j , ω(st+j )) − c(st+j , ω(st+j ))

j=1

≤

∞
X

π(st+j |st+1 ) 
Y (st+j , ω(st+j )) − c(st+j , ω(st+j )) .
j
(1 + r)
j=1

When the lender’s constraint is binding in st+1 , b(st+1 ) = 0, such that
Al (st+1 ) =

∞
X



q f (st+j , ω(st+j )|st ) Y (st+j , ω(st+j )) − c(st+j , ω(st+j )) ,

j=1
l

W (s

t+1

, Al (s

t+1

)) = Z =

∞
X
π(st+j |st+1 ) 
j=1

(1 + r)j


Y (st+j , ω(st+j )) − c(st+j , ω(st+j )) ,

which implies that
Al (st+1 ) ≤ Z.

Proof of Lemma 5.4. We conduct a proof by construction. One distinguishes two cases:
1. Wen (16) does not bind, the budget constraint reads
c + q p (s, ω 0 )b0 + q f (s, ω 0 )ā0 +

X

q f (s0 , ω 0 |s)â(s0 ) = θ(s)f (n) + b + a.

s0 |s

Given that

P

s0 |s q

f (s0 , ω 0 |s)â(s0 )

= 0 and Lemma 5.2, it can be rewritten as

c + q f (s, ω 0 )b0 + q f (s, ω 0 )ā0 = θ(s)f (n) + b + a
c + q f (s, ω 0 )ω̄ 0 = θ(s)f (n) + b + a
Having the same price and being equally accessible, private and Fund-provided bonds are
prefect substitute. It is then clear that the decomposition of ω̄ 0 between b0 and ā0 is indeterminate.
25

It is not possible that the lenders’ constraint binds when Y (st+j , ω(st+j )) − c(st+j , ω(st+j )) > 0 as the country
is saving meaning that lenders receive resources from the country and not the opposite.
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2. Wen (16) binds, the budget constraint reads
c + q p (s, ω 0 )b0 + q f (s, ω 0 )ā0 +

X

q f (s0 , ω 0 |s)â(s0 ) = θ(s)f (n) + b + a.

s0 |s

However, prospective private bond holdings are restricted to be positive (i.e. b0 ≥ 0). This
together with Lemma 5.3 forces ā0 < 0. Hence, in this case, there is no indetermination. 

Proof of Corollary 5.1. We conduct a proof by construction. Let’s first consider the case
in which (16) does not bind. The purpose of the decentralization is to obtain asset holdings and
prices such that
X
q f (s0 , ω 0 |s)a0 (s0 ) − a,
τ f (s, x, b) =
s0 |s

where a0 (s0 ) can be decomposed into a common bond ā0 and S Arrow securities â(s0 ) with s0 ∈ S.
Hence,
X
τ f (s, x, b) = q f (s, ω 0 )ā0 +
q f (s0 , ω 0 |s)â(s0 ) − a.
s0 |s

As stated in Lemma 5.4, the country is indifferent to hold debt in the Fund or in the private
market. Setting ā0 = 0 implies that the country exclusively accumulates debt in the private bond
market, resolving the indetermination. None of the debt is located in the Fund which solely provides
insurance. Hence, the Fund intervention is set to its minimum. To see this consider the budget
constraint without effective intervention
c + q p (s, ω 0 )b0ne + q f (s, ω 0 )ā0ne +

X

q f (s0 , ω 0 |s)âne (s0 ) = θ(s)f (n) + bne + ane ,

s0 |s

and with effective intervention
c + q p (s, ω 0 )b0e +

X

q f (s0 , ω 0 |s)âe (s0 ) = θ(s)f (n) + be + ae .

s0 |s

Consumption and labor are the same in those two cases. Only the asset positions are different.
Under Lemma 5.2, we have that b0e = b0ne + ā0ne . However, bne 6= be and ane 6= ae . Since ā0e = 0 and
b0e = b0ne + ā0ne , it logically follows that |ane | > |ae |. To see this, assume that we are in a given state
s ∈ S. As a result, ane = āne + âne (s), while ae = âe (s). Since we assume the same consumption
and labor and b0e = b0ne + ā0ne , we have that âe (s) = âne (s), implying that |ane | > |ae |. Thus, the
Fund’s share of debt under the effective intervention is set to its minimum as it is only composed
of the realised Arrow securities and does not contain any proper credit component.
When the lenders’ constraint is binding, the effective intervention of the Fund directly follows
from Lemma 5.3 and the fact that b0 ≥ 0. 
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B

Welfare Calculations

This section describes how the welfare gains depicted in Table 2 are computed. Similar to Ábrahám
et al. (2019), define value of the country for a sequence {c(st ), n(st )} starting from an initial state
at t = 0 as


∞
∞
X
X
(1 − n(st ))σn − 1
t
t
t
t
t
b
t
t
β log(c(s )) + γ
β U (c(s ), n(s )) = E0
,
V ({c(s ), n(s )}) = E0
1 − σn
t=0

t=0

where the last equality is obtained from the functional form considered in Section 6. One denotes
the country’s allocations with the Fund by {cf (st ), nf (st )} and the allocations without the Fund
by {ci (st ), ni (st )}. The value for the borrower with and without the Fund is given by
W bf (s, ω) = W bf ({cf (st ), nf (st )}),
bi

bi

t

and

t

V (s, b) = V ({c(s ), n(s )}),
respectively. To properly compare the two economies, we consider the point where ω = b =: o.
Thus (s, o) represents the initial state for both economies. Now define
V bi (s, o; χ) = V bi ({(1 + χ)c(st ), n(st )}),
where χ(s, o) represents the consumption-equivalent welfare gain of the Fund’s intervention. It
then directly follows that the welfare gain is computed in the following way
V bi (s, o; χ) = W bf (s, o).
Given the above functional form, we have that
log(1 + χ)
+ V bi (s, o) = V bf (s, o).
1−β
The welfare gain therefore boils down to


χ(s, o) = exp (V bf (s, o) − V bi (s, o))(1 − β) − 1.
We concentrate our analysis to the case in which o = 0.

C

Additional Tables and Figures

Figure C1 depicts the main policy functions and financial variables as a function of (s, ω). More
precisely, it presents the aforementioned statistics for the largest, the median and the lowest labor
productivity shocks. The dynamic is fairly similar to what we have highlighted in Section 7. This
is because there is a close correspondence between ω and x and b as discussed in Section 5.
Figure C2 depicts the main policy functions and financial variables as a function of (s, b). Most
notably, it present the aforementioned statistics for the largest and lowest labor productivity shocks
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θmax and θmin , as well as, the largest and lowest relative Pareto weights zmax and zmin , respectively.
Regarding the consumption policy function, one clearly sees the intervention of the Fund. As a
matter of fact, the consumption remains constant and only diverges in the labor productivity states
and the relative weights. The same is true for labor. This is because positions are fully insured by
the Fund given (s, z) irrespective of the level of private indebtedness. This is a direct consequence
of Lemmas 5.1 and 5.3.
The country’s and lenders’ value functions deliver the same message as the above policy functions. Neither of them depend on the value of private debt.
Regarding the prospective asset positions. The level of b0 and ā0 are flat with respect to b. Again
this is because the country’s and the lender’s participation constraints are specific to the value of
the relative Pareto weight and the labor productivity but do not depend on any particular level of
private debt.
Regarding the net savings, we note three main elements. First, the net savings in the Fund, τ f ,
is increasing in the level of b. This is because the Fund hedges the positions taken in the private
bond market. Second, the net savings in the private bond economy, τ p , display the opposite pattern.
Private net savings are decreasing in b. Finally, the total net savings (i.e. τ f + τ p ) are flat in the
level of private debt.
On the right panel of the last row of Figure C2, one can observe the interest rate spread in the
private bond economy and in the Fund. Again, in line with Lemma 5.2, both spreads are aligned.
The spreads are independent of b and negative for high values of the relative Pareto weights (i.e.
when the lenders’ participation constraint binds).
Figure C3 presents the default set of the economy with and without the Fund’s intervention.
The former is depicted on the right hand side and the latter on the left hand side of the figure.
Without the Fund’s intervention, the country defaults at different levels of labor productivity and
different levels of debt depending on the labor productivity regime. In regimes of greater average
labor productivity, the country defaults on relatively higher debt levels or even decides not to
default. The hilly pattern of the default set is explained by the fact that the different regimes
overlap between each others. With the Fund’s intervention, the country never defaults consistent
with Proposition 5.2.
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Figure C1: Optimal Policies as Function of (s, ω)
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Figure C2: Optimal Policies as Function of (s, b)
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Figure C3: Default Set as a Function of (s, b)
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